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POISSON BOUNDARY FOR FINITELY GENERATED GROUPS
OF RATIONAL AFFINITIES.
Sara Broerio
Abstrat. The group of ane transformations with rational oeients,
Aff(Q), ats naturally on the real line R, but also on the p-adi elds Qp.
The aim of this note is to show that all these ations are neessary and suf-
ient to represent bounded µ-harmoni funtions for a probability measure
µ on Aff(Q) that is supported by a nitely generated sub-group, that is to
desribe the Poisson boundary.
AMS lassiation: 60B99, 60J50, 43A05, 22E35
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Introdution
On a generi disrete groupG there is a natural probabilisti analogue of lassial
harmoni funtions on dierential strutures: given a probability measure µ on G,
a bounded measurable funtion f is said to be µ-harmoni when it satises the
mean value property
f(x) =
∫
G
f(xg)µ(dg),
that is, the value in a point is always the mean of the values in its neighborhood
aording to the measure µ. As in the lassial ase a harmoni funtion is ruled
by its behavior on the boundary of the denition set; the question is to provide a
boundary of the group large enough to represent all harmoni funtions. The Pois-
son boundary is the measurable G-spae, B, endowed with a µ-invariant probability
measure, ν, that enables to represent every bounded harmoni funtion, f , by the
formula
(1) f(g) =
∫
B
ψ(g · x)ν(dx) ∀g ∈ G
where ψ is a bounded funtion on B.
We are interested here in nding the Poisson boundary for the group of ane
transformations with rational oeients
Aff(Q) = {(a, b) : x 7→ ax+ b | a ∈ Q∗, b ∈ Q} .
This disrete group has a natural ation on the real line R and a natural injetion
into the group of real ane transformations. One an obtain interesting results
onerning the behavior of the probabilisti objets on Aff(Q) using the powerful
theory developed on Lie groups, whenever no ontinuity hypothesis on the measure
is required (for instane [Kes73℄, [BP92℄, [BBE97℄ or [Bro03℄). However the real line
is not the only natural ompletion of the rational numbers: others are provided by
the the p-adi rationals, Qp, for any prime number p and one has natural injetion of
rational anities in every group of p-adi ane transformations. Algebrai groups
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over loal elds are popular in dierent mathemati elds and have attrated a
growing interest also in probability (f. for instane [CKW94℄,[AK94℄ or [Eva93℄).
The real and the p-adi elds formally behave in a very similar way and it is useful
to unify the notations assoiating the Eulidean setting with the prime number
p = ∞; thus Q∞ is R, the Eulidean norm is | · |∞ and so on. Eah of these elds
an provide a useful boundary for the study of harmoni funtion. In fat, under
rst moment onditions, whenever the ation of Aff(Q) is ontrating in mean on
a eld Qp, that is the drift
φp =
∫
Aff(Q)
ln |a|p dµ(a, b)
is negative, there is a unique µ-invariant probability measure νp on Qp and for any
bounded funtion ψ on Qp one an onstrut a harmoni funtion on the group
using the formula (1).
However none of these ations alone is suient to represent all bounded har-
moni funtions. The aim of this note is to show that, when the measure µ is sup-
ported by a nitely generated sub-group, the onstrution of the Poisson boundary
requires to onsider all these ations simultaneously. We prove the following
Theorem 1. If µ is supported by a nitely generated subgroup of Aff(Q) and has
a nite rst moment, then there exists a unique µ-invariant probability measure ν
on
B =
∏
p:φp<0
Qp
and (B, ν) is the Poisson Boundary. Thus there exist non-trivial harmoni fun-
tions if and only if φp 6= 0 for some p.
This is a generalization of the known result on the Baumslag-Solitar group
BS(1, p), whose Poisson boundary was shown by Kaimanovih and Vershik [KV83℄
to be either R or Qp aording to the sign of the drift . We shall adapt their teh-
niques based on the estimation of the entropy of the tail onditional probability
to our ase where there is no more dihotomy between the real and p-adi norms,
sine one has more degrees of freedom.
A similar result holds also for some measures whose support generates the whole
group Aff(Q), and not only a nitely generated sub-group. In this global situation
the Poisson Boundary an be proved to be a sub-spae of the Adele ring. We have
hosen here to fous on the simplest situation and to postpone the study of more
general ases to future work in order to allow a more graphial interpretation, that
is not available in innite dimensional situations. Here, we an also avoid some
heavy tehnial details, that might obsure the basi ideas and redue aessibility.
This paper is strutured as follows. In Setion 1, we rst introdue the onept
of Poisson boundary and µ-boundaries and their relationship with random walks
on groups. We then dene the algebrai strutures we are dealing with: the nitely
generated sub-groups of Aff(Q) and their geometrial boundary. In Setion 2 we
prove that all the eldsQp with a ontrative ation ontribute to the representation
of harmoni funtions. In Setion 3 we show that these ations are suient to
desribe all bounded harmoni funtions, that is we determine the Poisson boundary
and prove Theorem 1.
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1. Preliminaries
1.1. Poisson boundary. Given a probability measure µ on a disrete group G the
Poisson boundary is a G-spae, B, endowed with a µ-invariant probability measure
ν suh that every bounded harmoni funtion f on G an be written in the form
f(g) =
∫
B
ψ(g · x)ν(dx) ∀g ∈ G
for a (unique) bounded measurable funtion ψ on B (f. Furstenberg [Fur63℄).
This spae is unique from a measure theoreti point of view and an be iden-
tied with the exit boundary of the assoiated random walk on the group. The
random walk of law µ is the Markov hain {Rn}n∈N on G with transition kernel
Pf(x) =
∫
f(xg)µ(dg), whih an also be seen as the proess obtained by iterated
multipliation of a sequene {gn}∈N of independent and identially distributed ran-
dom elements of G with law µ. Then the random walk starting at the identity is
dened by the equations
R0 = e and Rn+1 = Rngn+1 ∀n ∈ N.
The law of this proess on the spae GN is denoted by P and E is the related mean.
One says that two paths on G have the same orbit up to a time shift if
(xn)n ∼ (x
′
n)n ⇐⇒ ∃k, h ∈ N : xn+k = x
′
n+h∀n ∈ N.
The Poisson boundary oinides with the quotient of the (GN,P) by this equivalene
relation and from this point of view it an be interpreted as the spae that best
desribes the asymptoti behavior of the trajetories of the random walk.
In typial situation the group G ats ontinuously on a topologial spae X and
Rn ·x onverges almost surely to a random element whose law η is indipendent from
x ∈ X . Then the measure spae (X, η) is a quotient of the Poisson boundary, that
is a µ-boundary in the sense of Furstenberg. To give a geometrial interpretation of
the Poisson boundary one needs to provide a geometrial spae where the random
walk onverges but that separates ompletely the tails of the trajetories.
We now want to desribe a geometrial interpretation of nitely generated sub-
groups, G, of Aff(Q) and a assoiated G-spae that will be proved to have these
two fundamental properties.
1.2. Finitely generated sub-groups of Aff(Q). First observe that, as we deal
with a nitely generated sub-group, there exists a nite set P of prime numbers
suh that any element (a, b) ∈ G may be written in the form
a = ±
∏
p∈P
pkp and b = h0
∏
p∈P
php with h0, hp, kp ∈ Z.
The nite set P ontains all prime numbers that are signiant in the study of
the random walk on G. If we denote by (P ) the sub-group of the multipliative
group Q∗ generated by P and −P and denote by Z(P ) the additive sub-group of
the group Q onsisting of the numbers of the form h
∏
p∈P p
hp
, we an restrit our
study, without loss of generality, to the ase where G is the sub-group
Aff(P ) = {(a, b) ∈ Aff(Q)|a ∈ (P ) , b ∈ Z(P )} = (P )⋉ Z(P ).
Observe that if P is redued to a singleton, then Aff({p}) is an index-2-extention
of the Baumslag-Solitar group BS(1, p), sine in our ase the linear oeient a
an be positive or negative.
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Sine Aff(P ) is the semi-diret produt of (P ) and Z(P ), the projetion (a, b) 7→ a
is a homomorphism on (P ). The struture of this group is quite simple; for any
p ∈ P the p-adi valuation νp, that is the map
νp : a = ±
∏
q∈P
pkq 7→ kp,
is a homomorphism onto Z and (P ) is a diret sum of ard {P} opies of Z and of
a opy of Z2 to take are of the sign
(P ) ∼= Z2
⊕
p∈P
Z.
This deomposition gives immediately a disrete geometrial struture for the dilation-
ontration omponent of our group.
Let us now fous our attention on the translation sub-group Z(P ). It an be
naturally embedded in the real line, but, sine it is not nitely generated, this
embedding is not disrete with respet with to the Eulidean metri (Z(P ) is in fat
dense in R). Thus to provide a struture that ompletely separates the trajetories
in the group, we have to onsider also the embedding of Z(P ) into the p-adi elds
Qp, that is the ompletion of Q aording to the p-adi norm
|q|p = p
−vp(q),
where the p-adi valuation of an integer r is vp(r) = max
{
k ∈ N|p−kr ∈ N
}
and
vp(r/s) = vp(r) − vp(s).
To unify the notation in p-adi and real settings, we are going to assoiate, as
often ours in similar ontext, the real objets with the symbol p =∞; thus Q∞ is
R, the Eulidean norm is | · |∞ and so on. We also denote by P the union of P and
∞. Then one an easily hek the following lemma, that is going to be frequently
used in the following setions.
Lemma 1. The diagonal embedding of Z(P ) in
∏
p∈P Qpis disrete and for every
(zp)p∈P ∈
∏
p∈P Qp the set{
b ∈ Z(P )| |zp − b|p ≤ 1∀p ∈ P
}
has always 2 or 3 elements.
The rst onsequene is that we an see Aff(P ) as a disrete sub-set of (P ) ×∏
p∈P Qp using the injetion
Aff(P ) −→ (P )×
∏
p∈P
Qp
(a, b) 7→ (a, (b)p∈P ).
Obviously, this map is also an homomorphism when one onsiders (P )×
∏
p∈P Qp as
a semi-diret produt with respet of the ation indued by the usual multipliation
of (P ) on Qp. Furthermore, if p is a true prime (p 6=∞), it is the p-adi valuation
of an element a ∈ (P ) that determines whether this ation is dilating or ontrating;
in fat
|ax|p = |a|p |x|p = p
−vp(a) |x|p .
Thus the deomposition of (P ) as diret sum of dierent opies of Z orresponds
to the ontrating diretions of the ations on the Qp for the eah dierent p ∈ P .
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On the other hand, the Eulidean norm is determined by all these omponents
together, in fat one has
(2) |a|∞ =
∏
p∈P
pvp(a) =
∏
p∈P
|a|
−1
p ∀a ∈ (P ) .
2. Random walks on Aff(P ) and µ-boundaries
2.1. Random walk on Aff(P ). Consider now a probability measure µ on Aff(P )
with a rst (logarithmi) moment with respet to this geometry, that is∫ ∑
p∈P
∣∣∣ln |a|p∣∣∣ dµ(a, b) < +∞ and
∫ ∑
p∈P
ln+ |b|p dµ(a, b) < +∞
and the assoiated random walkRn obtained as produt of a sequene {gn = (an, bn)}nof
random elements of Aff(P ). A simple alulation shows that
Rn = (An, Zn) = (a1 · · ·an,
n∑
k=1
a1 · · · ak−1bk).
The deisive parameters to ontrol its behavior are the p-drifts
φp =
∫
Aff(Q)
ln |a|p dµ(a, b) = E(ln |a1|p) ∀p ∈ P ,
that determine on whih of the p-adi elds the ation is ontrating in mean.
2.2. µ-boundaries. It is known that whenever a p-drift is negative the orrespond-
ing eld Qp is a µ-boundary; in fat one has the following
Lemma 2. Suppose that µ has a rst moment. If φp < 0 for some p ∈ P then the
innite sum
(3) Zp∞ =
∞∑
k=1
a1 · · · ak−1bk
onverges almost surely in Qp to the a random element and, for all x ∈ Qp,
Rn · x = Anx+ Zn → Z
p
∞ P− almost surely in Qp.
Proof. For reader onveniene, we give a sketh of the proof. For more details see,
for instane, [Éli82℄ for the real ase and [CKW94℄ for the ultra-metri ase.
Observe that by the Law of large numbers
|a1 · · ·an|p = exp
(
n∑
i=1
ln |ai|p
)
onverges to zero with exponential speed, roughly as exp(nφp). On the other hand,
sine ln+ |b1|p is integrable, ln
+ |bn|p
/
n onverges almost surely to zero. Thus the
innite sum (3) onverges, beause its general term goes to zero exponentially. 
Thus if νp is the law of Z
p
∞ then for every bounded funtion ψ on Qp
f(a, b) =
∫
Qp
ψ(ax + b)dνp(x)
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is a bounded harmoni funtion on Aff(P ) and (Qp, νp) is a quotient of the Poisson
boundary. But it also follows almost immediately that
Rn · (xp)p = (Anxp + Zn)p → (Z
p
∞)p P− almost surely in
∏
p∈P :φp<0
Qp
for all (xp)p ∈
∏
p∈P :φp<0
Qp.
Corollary 1. The Cartesian produt of all the elds Qp whose drift is stritly
negative, B =
∏
p∈P :φp<0
Qp, endowed with the joint law ν of (Z
p
∞)p is a µ-boundary
of Aff(P ).
One an also interpret the µ-boundary as an exit spae of the random walk. From
this point of view the spae B together with an extra point̟ provides the boundary
of a topologial ompatiation of Aff(P ) in whih a sequene γn = (αn, βn)
onverges to a point (xp)p of B if and only if
αn → 0 and βn → xp in Qp for all p ∈ P suh that φp < 0.
Then the random walk, whih is transient on the group Aff(P ), onverges to a
random element in B with law ν.
Observe the the p-drifts are not all indipendent, but by (2) they have to satisfy
the following relation
φ∞ = −
∑
p∈P
φp
and thus they annot all Hene, the diagonal embedding of Z(P ) in B is always
dense, ontrary to what one has in Lemma 1, and the ation of Aff(P ) on B has
dense orbits. It follows that, if the semi-group generated by the support µ is Aff(P ),
then the support of the measure ν is the whole of B.
2.3. A graphial interpretation. Before going on, we would like to give a graph-
ial interpretation of the algebrai objets we are dealing with. Even if this is not
essential later on, this point of view was very useful in our preparatory work and
it an improve the geometrial understanding.
First of all, as Aff(P ) is a sub-group of the real ane transformation, our group
ats by isometries on the hyperboli half-plane
H =
{
(x, y)|x ∈ R∗+, y ∈ R
}
by (a, b) · (x, y) = (|a|x, ay + b).
The p-adi equivalent of this struture is the oriented homogeneous tree Tp with
degree p + 1. This is the disrete graph without loops and where eah vertex has
exatly p+1 neighbors, whih an be onstruted as follows. LetDp(k, z) be the dis
of radius pk and enter z in Qp. Sine the valuation vp is integer valued and the p-
adi norm has the ultra-metri property, the set of all diss V = {Dp(k, z)}k∈Z,z∈Qp
is ountable. Let us now dene a graph Tp whose verties are the diss and in
whih Dp(k, z) is neighbor of Dp(k + 1, z) and Dp(k − 1, z). Sine any dis of
radius pk ontains exatly p diss of radius pk−1 and is ontained in only one dis
of radius pk+1, the graph Tp is an homogeneous tree of degree p+ 1. This tree is
naturally devised in levels, indexed by Z, that onsist of the diss of same radius.
Furthermore, any z ∈ Qp an be assoiated with the element of the boundary of
the tree, ∂Tp, that orresponds to the innite geodesi {D
p(−k, z)}k∈N, while we
denote by ωp the end of the geodesi {D
p(k, z))}k∈N. In this way one onstruts
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Figure 1. The hyperboli half-plane
an homeomorphism between Qp and the boundary ∂Tp − {ωp} endowed with the
topology indued by the tree. As our anities map a dis onto a dis, one an
dene the ation
(a, b) ·Dp(k, z) = Dp(k − vp(a), az + b)
of Aff(P ) on Tp, whih is in fat an ation by isometries that x the end ωp,
similarly to the real ase.
The simultaneous ation of Aff(P ) on the Cartesian produt of H and of all the
Tp for p ∈ P has then disrete orbits by Lemma 1 and orresponds to the embedding
into (P ) ×
∏
p∈P Qp, when one neglets the sign of the ontrating-dilating oe-
ient. In fat x as the origin in H×
∏
p∈P Tp the point o =
(
(1, 0), (Dp(0, 0))p∈P
)
.
Then the stabilizer of o in Aff(P ) is {(1, 0), (−1, 0)}, and, up to the sign, we an
identify the group with the disrete orbit
Aff(P )o =


(
(|a| , b), (Dp(−vp(a), b))p∈P
)
∈ H
∏
p∈P
Tp |a ∈ (P ) , b ∈ Z(P )

 .
Observe that there is a relation between the level in the hyperboli plane and the
heights on the p-adi trees that is given by the relation between the p-norms (2).
In the ase of the Baumslag-Solitar group this interpretation orresponds to the
one given by Farb and Mosher in [FM99℄. Here one has just the half-plane and one
tree and the link between the norms just says that the level on H is the opposite
to the level on Tp.
3. Poisson boundary
3.1. The strip riterion. In the previous setion we proved that the Cartesian
produts of the p-adi elds on whih the random walk has a ontrating ation
is a µ-boundary and is a good andidate to be the maximal one, that is the Pois-
son boundary. We will prove this fat using the the geometrial strip riterion of
Kaimanovih developed in [Kai00℄ (partially based on an idea of Ballmann and
Ledrappier [BL94℄ and relying on the relationship between the boundary and the
7
2D (0,z)2
D (−1,z)2
ω2
z
D (1,z)2
Figure 2. The tree of Q2
entropy of the measure introdued by Avez [Ave74℄ and developed by Vershik and
Kaimanovih [VKm79℄ and Derrieni [Der80℄).
The starting point is to extend the random walk Rn that is dened usually only
for positive times n ∈ N also to the past using a bilateral sequene of i.i.d. random
variables {gn}n∈Z on G and the reursive equation
Rn+1 = Rngn+1 and R0 = e
to all n ∈ Z, obtaining a bilateral path {Rn}n∈Z. Observe that for negative times
−m,
R−m = g
−1
0 · · · g
−1
−m+1 = Rˇm
is a random walk on G whose law µˇ is the image of µ under the inversion of the
group. If (B, ν) and (Bˇ, νˇ) are a µ-boundary and a µˇ-boundary respetively, one
an imagine the trajetories of the bilateral proess {Rn}n∈Z as paths in the group
that join the exit point Zˇ∞ of the random walk Rˇn in Bˇ to the exit point Z∞ of
Rn in B. In order to prove that a µ-boundary is a Poisson boundary, one has to
nd some sort of strips in the group onneting Zˇ∞ to Z∞ that are visited fairly
often by the proess {Rn}n∈Z, without being to large.
One way to build sets that verify the rst of these onditions is to give a map S
that assoiates with every ouple of exit points (zˇ, z) ∈ Bˇ ×B a non-empty subset
of the group G that is equinvariant for the ation of the group:
gS(zˇ, z) = S(gzˇ, gz) ∀g ∈ G.
In Theorem 6.4 of [Kai00℄, Kaimanovih shows that, when zˇ and z are distributed
aording to the exit measures, the probability for Rn being in S(zˇ, z) is onstant
for all n ∈ Z and that one has the following riterion:
Proposition 1. Suppose that the measure µ has nite rst moment. If there exists
a sequene of sets Cn suh that:
P [Rn ∈ Cn] > ε ∀n ∈ N
8
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Figure 3. Strip in Aff({2}) or BS(1, 2)
for some ε > 0, and νˇ(dzˇ)× ν(dz)-almost surely
lim
n→∞
1
n
ln ard {S(zˇ, z)g ∩Cn} = 0 ∀g ∈ G,
then B is the Poisson boundary.
3.2. Strips in Aff(P ). Let now go bak to the group G = Aff(P ). In the previous
setion we have shown that
B =
∏
p∈P :φp<0
Qp
is a µ-boundary. Sine the p-drifts of the reeted measure µˇ are
φˇp = E
[
ln
∣∣a−11 ∣∣p
]
= −φp,
the spae
Bˇ =
∏
p∈P :φˇp<0
Qp =
∏
p∈P :φp>0
Qp
is the right andidate for being the maximal µˇ-boundary.
For every point zp of Qp we dene the one in G of vertex zp as
Cp(zp) =
{
(a, b) ∈ G : |zp − b|p ≤ |a|p
}
=
{
g ∈ G :
∣∣g−1 · z∣∣
p
≤ 1
}
.
When p =∞ and one embeds the group G in the hyperboli half-plane, this is, the
set of points that are between the two lines that start at the point of oordinate
(0, z∞) and have a slope of 45 degrees. For p 6=∞, if one projets the one on the
orresponding tree, one obtains the geodesi that onnets zp to the end ωp.
We an now dene the strip from zˇ = (zp)p:φp>0 ∈ Bˇ to z = (zp)p:φp<0 ∈ B as
S(zˇ, z) =
⋂
p∈P :φp 6=0
Cp(zp) =
{
(a, b) ∈ G : |zp − b|p ≤ |a|p ∀p ∈ P : φp 6= 0
}
.
These strips are equivariant as the ones Cp(zp). In the ase of the Baumslag-Solitar
group BS(1, p), when the real drift is negative, the boundary B is the real line while
Bˇ is Qp. Using its disrete embedding in H×Tp, a strip is the set onsisting of the
pairs of a point of the one in the plane and a vertex of the geodesi in the tree
that are at opposite levels.
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When all the p-drifts are null, this still applies even thought in a degenerate way:
in fat the boundaries B and Bˇ are trivial and ollapse to a single point and the
strips beome the whole group G.
Observe that if for all p ∈ P the drift φp is not zero, in the denitionof a strip
S(zˇ, z) all the signiant prime p are involved. In this ase the intersetion of a
strip with the translations group, that is
π(zˇ, z) = S(zˇ, z) ∩ Tra(Z(P )) =
{
(1, b) : b ∈ Z(P ) and |zp − b|p ≤ 1 ∀p ∈ P
}
,
has alway 2 or 3 elements (by Lemma1). On the other hand
S(zˇ, z) =
⋃
a∈(P )
(a, 1)π(a−1zˇ, a−1z).
As the group (P ) has polynomial growth and the projetion of the random walk on
(P ) grows linearly, we an diretly apply the strip riterion of Proposition 1 with
Cn =
{
(a, b) ∈ G : max
p∈P
∣∣∣ln |a|p∣∣∣ ≤ Kn
}
for a suitable K > 0.
3.3. Proof of Theorem 1. When some of the drifts are entered, in order to
onlude one needs to show that the growth of the random walk in the entered
diretions is sub-exponential, using the following lemma
Lemma 3. Let Zn =
∑
1≤k≤n a1 · · · ak−1bk. For every p ∈ P suh that φp = 0,
one has
lim
1
n
ln+ |Zn|p = 0 P− almost surely.
Proof. Let |a1 · · · an|p = e
Sn
. It follows straightly from the strong Law of large
numbers that Sn/n onverge almost surely to zero. On the other hand
|Zn|p =
∣∣∣∣∣∣
∑
1≤k≤n
a1 · · · ak−1bk
∣∣∣∣∣∣
p
≤ n
(
max
1≤k≤n
|a1 · · · ak−1bk|p
)
.
As the random variables ln+ |bn|p are integrable, (ln
+ |bn|p)/n onverge to zero and
we an dedue that
lim sup
n→∞
ln |Zn|p
n
≤ lim sup
n→∞
lnn
n
+
max1≤k≤n
{
Sk + ln
+ |bk|p
}
n
≤ 0

We have introdued all the tools we need and we an nally give the proof of
our main result
Proof. of Theorem 1. Observe that by the previous lemma there exists a sequene
εn that onverges to zero suh that
P
[
max
p∈P :φp=0
ln+ |Zn|p ≤ εnn
]
→ 1
and that by the Law of large numbers
lim
n→∞
1
n
max
p∈P
∣∣∣ln |An|p∣∣∣ = max
p∈P
|φp| <∞
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P-almost surely. For any K > maxp∈P |φp|, let
Cn =
{
(a, b) ∈ G : max
p∈P
∣∣∣ln |a|p∣∣∣ ≤ Kn and max
p∈P :φp=0
ln+ |b|p ≤ εnn
}
.
Then P [Rn ∈ Cn] onverges to 1.
Let now
Qn =
{
(a, b) ∈ Aff(P ) : max
p∈P
∣∣∣ln |a|p∣∣∣ ≤ Kn and max
p∈P
ln+ |b|p ≤ εnn
}
,
whih is the analogue of Cn but where one onsiders all the p-norms. Consider the
setion
H =
{
(1, b) ∈ Aff(P ) : |b|p ≤ 1 ∀p ∈ P : φp = 0
}
.
One an easily hek the following relation
Cn ⊆ QnH.
By Lemma 1, one knows that the ardinality of the set
S(zˇ, z) ∩H =
{
(1, b) ∈ Aff(P ) : |b− zp|p ≤ 1 ∀p : φp 6= 0 and |b|p ≤ 1 ∀p : φp = 0
}
is less then 3 for all (zˇ, z) ∈ Bˇ × B. Thus we an estimate the ardinality of the
strip along the sets Cn using the equinvariane
ard(S(zˇ, z) ∩ Cn) ≤ ardQn · sup
(zˇ,z)∈Bˇ×B
ard(S(zˇ, z) ∩H) ≤ 3ardQn.
Finally to ontrol the ardinality of Qn, observe that for any m > 1
ard

b = h
∏
p∈P
php ∈ Z(P ) : |b|p ≤ m ∀p ∈ P

 ≤ c1e2m
and
ard

a = ±
∏
p∈P
pkp ∈ (P ) : |a|p ≤ m ∀p ∈ P

 ≤ mc2
for some onstants c1 and c2 depending on P . Thus one has
1
n
ln ard(S(zˇ, z) ∩ Cn) ≤
ln 3 + c2 ln(Kn) + ln c1 + 2εnn
n
→ 0.
To onlude just observe that for any g ∈ Aff(P ) there exits a onstant h suh that
ard(S(zˇ, z)g ∩Cn) = ard(S(zˇ, z) ∩ Cng
−1) ≤ ard(S(zˇ, z) ∩ Cn+h).
Thus all hypothesis of Proposition 1 are veried. 
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